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HZI Energy Maximization Problem
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~~~~~~~~~~~~~~~~~~ Dual Decomposition Approach to the Energy
Maximization Problem

9=01+92 < E(97y) =E1(913y)+E2(027y)

max E(0,y) < max F1(0',y) + max E5(62,y)
yeyv yeyv yeyV
max F(0, < min |max E(0',y) + max Fy (62,
max B (0,y) i | max By (67, y) + max By(67, y)
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uuuuuuuuuuuuuuuuuu Solving the Problem Efficiently

For our problem an effective and
¢ uniformly tight smoothing is pos-
sible.

Non—smoo

Optimization method Convergence
Non-smooth optimization (sub-gradient) 0O(1/¢?)

A smooth gradient descent O(%)

L, Applied to the non-smooth function L= % O(a%)
An optimal smooth first-order optimization: O( %)

L, Applied to the non-smooth function L= % O(%)
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H&I Outline

Problem Statement

Analysis of a Smoothed Objective Function
Nesterov’'s Optimal 1-st Order Optimization Method
Lower Bound Analysis and Its Calculation
Implementation Issues

Demo

000000

Summary and Future Work
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Energy Maximization Problem
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,,,,,,,,,,,,,,,,,,, Decomposition

0=0"+60> < E@,y)=E0"y) + FEa:(6%y)

b 9., ceV be — ., ceV
0L(9.) =< 4., ce &l 02(9.) = ce &?

Oc,
0, otherwise 0, otherwise

1 1
Jmax By < max (O1(0). ')+ max (68(9), p)
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Smoothing

NN
dy)= (01 10 10  01)
0010 1000 0100

max{ai, ..., an} ~ plog{e®/? + ... + WP}
max{ai,...,an} < plog{e®/P+-- .+e¥/P} < max{ay, ..., an}+plogn

Ugi(9) = urj\l/laxi O10), py = Imax (0'(9), o(y))

Ugi(9,p) = plog > exp({6"(¥)/p, d(y)))

yeyv

Ugi(9) < Ugi (9, p) < Ugi(9) + plog |¥Y| = Ugi (9) + p|V|log |V
(aUgi(0)> ., (Zyey(cyv yexp({0'(9)/p, d(y )>)>
() )~

6191) Yo Ug (01(19)7 ))
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Smoothing

U (W) = Ugi () + Uga(9) .

,p) = Ugi (9, p) + Ugz (0, p)
) U, p) <UW) + 2p|V|log |V

7 (9

U

U(ﬁ) _ g (9, p) aﬁg2(19,p)
Bl o0
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Optimization: Lipschitz-Continuous Gradient

f :R™ - R — differentiable
f'(=)

IVf(2) = V(2)[« < Lljx - 2]

Lemma (special case of Nesterov04)
Function U(¥) is convex and Lipschitz-continuous with L < %|V| J
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f(x)

g'(x) < (1= N)f(2) + X'g°(z), AN -0
{z'}: f(2!) < ¢"* = mingern ¢'(z)
f(l't) _ f* < At(90($*) _ f*) -0

11/35



Optimization: Algorithm

Algorithm (a variant of the algorithm 2.2.6 from Nesterov83)

t Wt eR; at, ut, 2t € R?, t — an iteration counter.

7 a
e Choose 20 € R™ and w®,7° > 0, 20 = uV.
@ t-th iteration (t = 0).
@ Compute f(2t) and V f(2}).

@ Find possibly small w' such that
1

7@ < F) = 5 IVFEOIP where at = 2 = ZVf(2").

© Compute o' € (0,1) from the quadratic equation w'(at)? = (1—at)y?t.

Set v+l = (1 — o)yt
t t, t t t
Q Set uitl = (= )yu o Vilz)
t ot t4l, t+1 .t
@ Choose zt*1 = Oﬂu—,ﬁg
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Optimization: Algorithm properties

Lemma (for any convex function with a Lipschitz-continuous gradient)

Condition at the step 2 in the algorithm is fulfilled for any w' > L.

Lemma (modification of Nesterov83 )

Convergence speed of the algorithm is O( sz*t ), where w** = max<; w*.

v

Corollary (modification of Nesterov83)

6=O(m):>t20( Gy w*t<L=O(%)

t2

Theorem (Algorithm convergence rate)

=O<4/i>, ifp~€:>t=O(1>
pe €
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Smoothing selection

UW) <U®,p) <UW) +2p|V|log |V
6(p) = 2p|V[log Y|

A

[Nesterov04](the worst-case estimation) : p = 4|V|1ig\y\ = 0(p) < 5.
We estimate 0'(p) = U (9, p) — U(¥9) for ¥ and use p such that §'(p) <

£
5
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Optimization: L Estimation

How large is L = %|V| for a typical setting?

p=1, [V|=10x10, = L = 2-10?

p=1, |V| =100 x 100, = L = 2-10*
Typical setting:

p=1, [V| =400 x 700, = L ~ 2-10°

We dynamically estimate L. Typical values are 1 — 1000.
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================== Optimization: w! Estimation

Algorithm (typical scheme of a linear search, implemented also in
Nesterov05)

Input W', V f(2"), parameters a > 1 and b > 1, output w'*!, zt+1.

Q Set w* =wt/b
@ Calculate z* = 2! — LV f(2!).
Q If f(z*) < ( ") - gw*va( 2')[|* End.

Else assign w* -w* goto step 2.
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uuuuuuuuuuuuuuuuuu Lower Bound: Standard Approach
(covers only an LP-tight Case)

|

max{E(0,y"), E(6,y*)} y! y?
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HZI Lower Bound: Known Facts

1 1 2
Jmax Oy < max (D) )+ manc, (2(0), 17

if G1, G% — trees, then:

— 1 1
max By = max (O0)p1)+ max (O(9)u%)

where £(G) - a local polytope. Moreover, M(G?) = L(G?).

Hu,1

Zyey oy =1
p >0

Mo 3 { ey o'} fyy'y = Hoy
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Lower Bound: Our Approach

)

py =0

(covers all cases)
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close to the optima

|
o--0--0--0--

- 0--0--O--

Ugi (6°(9), p))
¢ Qe
¢ 49
¢ ¢ o
¢ ¢ o
¢ o o
P +

K I

® ¢ 0 00
O B
¢ o6 o 0

)/ps by )>)>

19/35



‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

rrrrrrrrrrrrrrrrrr Lower Bound: Recovering [,

max {0, u)
Dyey Fowhiyy'y = Hoy
Zyey Moy = 1
Ho 3 Bz 0
hm... J

Ho,1

Zyey Fovy fyy'y = Hoy
for fixed py 4 =

LP - Transportation problem!

:uv y+uv Yy
2

20/35



H&I Lower Bound: Theorem

Theorem
Let 't € £(G) and p®>t € L(G), t = 1,...00 be two sequences meeting
the following conditions:

Q ' —pu2t -0, vey

— <9i(19)’ “i’t|c(gi>> — max,er(gi) (' (9),py = 0, i =1,2
o

1t 2,t
<67 w> = max <9,,U,>

2 HEL(G)

1,t 2,t
_ ,u”l)’ +,LL’U7

s.t. py = 5 , VEY




vvvvvvvvvvvvvvvvvv Implementation: Numerical Issues

00,1 b eXp(ec,l)

9072 b ? 9:1 = 9671' — max 9073'
. e | . ’ j=n
Ocr| @ exp(Ocn)

exp{0*/p, d(y)) —5 0 Ve yY
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*
0y = Ocy — Ocy*
&

y* = argmax,eyv 0, d(y))
= Jce(C: maxyey:, >0
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*
0y = Ocy — Ocy*
&

y* = argmax,eyv 0, d(y))
= Jce(C: maxyey:, >0

Solution: an equivalent transformation 6 — 6*:

0, 9(y)) = 0", 6(y)) VyeY”
y* € Argmax (0%, ¢(y)) & Vce C: 07 « € Argmax0;,
yeyVy ’ yey 7
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Close to a Trivial Problem

a
x 10

9.5

85 |

75F —

6.5

55

Checked on different image size from 20 x 20 to 200 x 200 and different
distribution of weights between pairwise and unary factors.
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4.5

ol |

I I L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Checked on different image size from 20 x 20 to 200 x 200 and different
distribution of weights between pairwise and unary factors.
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Random Sample: 5 Labels,
Uniform Distribution with pw/u Weights 0.01
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Uniform Distribution with pw/u Weights 0.50

Random Sample: 5 Labels,
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Random Sample: 5 Labels,

Uniform Distribution with pw/u Weights 0.75
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Input image
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Summary

We proposed:

o

2]

A smooth optimal first-order optimization method to solve the MAP
inference problem.

A method for the lower bound calculation for non-LP-tight case.

Dynamic Lipschitz constant estimation to significantly speed-up the
calculations.

A non-trivial implementation for (almost) any arbitrary small
smoothing value.
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,,,,,,,,,,,,,,,,,, Future work

© Further speed-up.

@ Deeper insight to a way of changing the smoothing parameter in the
course of the algorithm.

© Improvement of convergence of the primal objective for a
non-LP-tight cases.
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H3halysis of paper by Jojic, Gould, Koller: ICML 2010

+ Clever ideal!

— Lipschitz constant is estimated for Li-norm and algorithm
(seems that) uses Lo-norm - error !

— Stopping criterion is not specified.

— Numerical issues are not covered: experiments only with
decompositions to small subgraphs.
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Q@ {¢(x)},at €(0,1), Z(tio =00, t=1,00

9" @) < ' f(@) + (1 - a')g'(2)

Q@ if for some {x'} f(z?) < ¢"* = mingern ¢'(7) then

0

Fah) = f* < X(go(a') — f*) = 0,for ' = [ [(1 =) > 0.
t=0
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HSptimization: Estimate Sequence Example [Nesterov83]

@ f-convex = f(z) = f(z) + {f'(z),x — z) = for any sequence {z'}
9" x) = 2) +{f'(Z"),z = 2)) + (1 = a')g'(x)
Q let go(z) = g& + L]z — uol|? then

t
ek

t . ]
g@)=9"+-

and for g**, 4!, u' there are closed form expressions.
© We have to define sequences a!, 2! and x! such that f(a!) < g'*.

o
J@t) = 1 <X (f@o) = % + Pllag = 2*[F) -0

35/35



@ Wainwright Martin J., Jaakkola Tommi S., and Willsky Alan S.
Map estimation via agreement on trees: Message-passing and linear
programming.

IEEE Trans. on Inf. Theory, 51(11), November 2005.

[@ Nikos Komodakis, Nikos Paragios, and Georgios Tziritas.
MRF optimization via dual decomposition: Message-passing revisited.
In ICCV, 2007.

[@ Schlesinger Michail and Giginiak Volodymyr.
Solution to structural recognition (max,+)-problems by their
equivalent transformations.
Control Systems and Computers, (1-2), 2007.

@ Yurii Nesterov.
A method for solving a convex programming problem with

convergence rate 1/k?.
Soviet Math. Dokl., 27(2):372-376, 1983.

[& Yurii Nesterov.
Introductory Lectures on Convex Optimization: A Basic Course.
35/35



Kluwer Academic Publishers, Boston/Dordrecht/London, 2004.

Yurii Nesterov.
Smooth minimization of non-smooth functions.
Math. Program., Ser. A(103):127-152, 2004.

Yurii Nesterov.
Gradient methods for minimizing composite objective function.
CORE Discussion Paper 2007/76, page 30, 2007.

Tomas Werner.

A linear programming approach to max-sum problem: A review.

IEEE Trans. on Pattern Recognition and Machine Intelligence (PAMI),
29(7), July 2007.

Tomas Werner.

Revisiting the decomposition approach to inference in exponential
families and graphical models.

Technical report, Center for Machine Perception, Czech Technical
University, 2009.

35/35



	Section 1

