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Energy Maximization Problem

G � pV, Eq, v P V, vv1 P E
yv P Y - labels, y � pyv, v P Vq P YV � Y |V|

θtpyvq - unary potentials, θvv1pyv, yv1q-binary potentials

y� � arg max
yPYV

�¸
vPV

θvpyvq �
¸
vv1PE

θvv1pyv, yv1q

�
� arg max

yPYV
Epθ, yq

θv2pyv2q

θv1py2q
v2

v5v4

v3

v1

θv1py1q
θv1v2pyv1 , yv2q
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Dual Decomposition Approach to the Energy
Maximization Problem

θ � θ1 � θ2 ô Epθ, yq � E1pθ
1, yq � E2pθ

2, yq

max
yPYV

Epθ, yq ¤ max
yPYV

E1pθ
1, yq � max

yPYV
E2pθ

2, yq

max
yPYV

Epθ, yq ¤ min
θ1�θ2�θ

�
max
yPYV

E1pθ
1, yq � max

yPYV
E2pθ

2, yq

�
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Solving the Problem Efficiently

For our problem an effective and
uniformly tight smoothing is pos-
sible.

Optimization method Convergence
Non-smooth optimization (sub-gradient) Op1{ε2q

A smooth gradient descent OpLε q
ë Applied to the non-smooth function L � 1

ε ñ Op 1
ε2
q

An optimal smooth first-order optimization: Op
b

L
ε q

ë Applied to the non-smooth function L � 1
ε ñ Op1ε q
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Energy Maximization Problem

MpGq

φpyq φpyq � p01 01q1010
0010 1000 0100

max
yPYV

�¸
vPV

θvpyvq �
¸
vv1PE

θvv1pyv, yv1q

�
ñ max

yPYV

¸
cPC

θcpycq

� max
yPYV

¸
cPC

xθc, φcpyqy � max
yPYV

xθ, φpyqy � max
µPMpGq

xθ, µy

φpc,x1qpyq �
"

1, if yc � x1

0, otherwise
, MpGq � convtφpyq : y P YVu
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Decomposition

θ � θ1 � θ2 ô Epθ, yq � E1pθ
1, yq � E2pθ

2, yq

θ1c pϑcq �

$&
%

θc
2 � ϑc, c P V
θc, c P E1

0, otherwise
θ2c pϑcq �

$&
%

θc
2 � ϑc, c P V
θc, c P E2

0, otherwise

max
µPMpGq

xθ, µy ¤ max
µ1PMpG1q

@
θ1pϑq, µ1

D
� max
µ2PMpG2q

@
θ2pϑq, µ2

D
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Smoothing

φpyq � p01 01q1010
0010 1000 0100

maxta1, . . . , anu � ρ logtea1{ρ � � � � � ean{ρu

maxta1, . . . , anu ¤ ρ logtea1{ρ�� � ��ean{ρu ¤ maxta1, . . . , anu�ρ log n

UGipϑq � max
µPMpGiq

@
θipϑq, µ

D
� max

yPYV

@
θipϑq, φpyq

D
ÛGipϑ, ρq � ρ log

¸
yPYV

expp
@
θipϑq{ρ, φpyq

D
q

UGipϑq ¤ ÛGipϑ, ρq ¤ UGipϑq � ρ log |YV | � UGipϑq � ρ|V| log |Y|�
BÛGipϑq

Bϑvpyvq

�
� �ρ

�°
yPYpc,yvq expp

@
θipϑq{ρ, φpyq

D
q

ÛGipθipϑq, ρqq

�
.
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Smoothing

Upϑq � UG1pϑq � UG2pϑq .

Ûpϑ, ρq � ÛG1pϑ, ρq � ÛG2pϑ, ρq

Upϑq ¤ Ûpϑ, ρq ¤ Upϑq � 2ρ|V| log |Y|

BÛpϑ, ρq

Bϑ
�
BÛG1pϑ, ρq

Bϑ
�
BÛG2pϑ, ρq

Bϑ
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Optimization: Lipschitz-Continuous Gradient

f : Rn Ñ R – differentiable

fpxq f 1pxq

||∇fpxq �∇fpzq||� ¤ L||x� z||

Lemma (special case of Nesterov04)

Function Ûpϑq is convex and Lipschitz-continuous with L ¤ 2
ρ |V|
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Optimization: Estimate Sequence [Nesterov83]

fpxq

g0pxq

λt

gtpxq

xt

gtpxq ¤ p1� λtqfpxq � λtg0pxq, λt Ñ 0
txtu : fpxtq ¤ gt� � minxPRn gtpxq
fpxtq � f� ¤ λtpg0px�q � f�q Ñ 0
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Optimization: Algorithm

Algorithm (a variant of the algorithm 2.2.6 from Nesterov83)

γt, αt, ωt, P R; xt, ut, zt P Rn, t – an iteration counter.

Choose x0 P Rn and ω0, γ0 ¡ 0, z0 � u0.

t-th iteration (t ¥ 0).
1 Compute fpztq and ∇fpztq.
2 Find possibly small ωt such that

fpxtq ¤ fpztq �
1

2ωt
||∇fpztq||2 ,where xt � zt �

1

ωt
∇fpztq .

3 Compute αt P p0, 1q from the quadratic equation ωtpαtq2 � p1�αtqγt .
Set γt�1 � p1� αtqγt .

4 Set ut�1 � p1�αtqγtut�αt∇fpztq
γt�1 .

5 Choose zt�1 � αtγtut�1�γt�1xt

γt
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Optimization: Algorithm properties

Lemma (for any convex function with a Lipschitz-continuous gradient)

Condition at the step 2 in the algorithm is fulfilled for any ωt ¥ L.

Lemma (modification of Nesterov83 )

Convergence speed of the algorithm is Op
?
ω�t

t2
q, where ω�t � maxk¤t ωk.

Corollary (modification of Nesterov83)

ε � Op
?
ω�t

t2
q ñ t � Op

b
ω�t

ε q; ω�t ¤ L � Op1ρq

Theorem (Algorithm convergence rate)

t � O

�c
1

ρε



, if ρ � εñ t � O

�
1

ε
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Smoothing selection

δ εδ

Upϑq ¤ Ûpϑ, ρq ¤ Upϑq � 2ρ|V| log |Y|
δpρq � 2ρ|V| log |Y|

[Nesterov04](the worst-case estimation) : ρ � ε
4|V| log |Y| ñ δpρq ¤ ε

2 .

We estimate δ1pρq � Ûpϑ, ρq � Upϑq for ϑ and use ρ such that δ1pρq ¤ ε
2 .

14/35



Optimization: L Estimation

How large is L � 2
ρ |V| for a typical setting?

ρ � 1, |V| � 10� 10, ñ L � 2 � 102

ρ � 1, |V| � 100� 100, ñ L � 2 � 104

Typical setting:

ρ � 1, |V| � 400� 700, ñ L � 2 � 105

We dynamically estimate L. Typical values are 1� 1000.
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Optimization: ωt Estimation

Algorithm (typical scheme of a linear search, implemented also in
Nesterov05)

Input ωt, ∇fpztq, parameters a ¡ 1 and b ¡ 1, output ωt�1, xt�1.

1 Set ω� � ωt{b

2 Calculate x� � zt � 1
ω�∇fpz

tq.

3 If fpx�q ¤ fpztq � 1
2ω� ||∇fpz

tq||2 End.
Else assign ω� � a � ω� goto step 2.
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Lower Bound: Standard Approach
(covers only an LP-tight Case)

maxtEpθ, y1q, Epθ, y2qu y1 y2
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Lower Bound: Known Facts

max
µPMpGq

xθ, µy ¤ max
µ1PMpG1q

@
θ1pϑq, µ1

D
� max
µ2PMpG2q

@
θ2pϑq, µ2

D
if G1, G2 – trees, then:

max
µPLpGq

xθ, µy � max
µ1PMpG1q

@
θ1pϑq, µ1

D
� max
µ2PMpG2q

@
θ2pϑq, µ2

D
where LpGq - a local polytope. Moreover, MpGiq � LpGiq.

µv,1

µv1,3

v v1
µtvv1ut43u

$&
%
°
y1PY µtvv1u,tyy1u � µv,y°
yPY µv,y � 1

µ ¥ 0
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Lower Bound: Our Approach
(covers all cases)

µiv � �

�
BÛGipϑq

Bϑvpyvq

�
� ρ

�°
yPYpc,yvq expp

@
θipϑq{ρ, φpyq

D
q

ÛGipθipϑq, ρqq

�

∇Û � µ1v � µ2v Ñ 0 close to the optima

��

2
�µv

µ1
v µ2

v�
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Lower Bound: Recovering µvv1

µv,1

µv1,3

v v1
µtvv1ut43u

max xθ, µy$&
%
°
y1PY µtvv1u,tyy1u � µv,y°
yPY µv,y � 1

µ ¥ 0

hm... ó# °
y1PY µtvv1u,tyy1u � µv,y

for fixed µv,y �
µ1v,y�µ2v,y

2

LP - Transportation problem!
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Lower Bound: Theorem

Theorem

Let µ1,t P LpGq and µ2,t P LpGq, t � 1, . . .8 be two sequences meeting
the following conditions:

1 µ1,tv � µ2,tv Ñ 0, v P V
2

A
θipϑq, µi,t

��
LpGiq

E
�maxµPLpGiq

@
θipϑq, µ

D
Ñ 0, i � 1, 2

3 B
θ,
µ1,t � µ2,t

2

F
� max
µPLpGq

xθ, µy (1)

s.t. µv �
µ1,tv � µ2,tv

2
, v P V

Then

0 ¤ U� �
B
θ,
µ1,t � µ2,t

2

F
Ñ 0 (2)
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Implementation: Numerical Issues

...

exppθc,1q

exppθc,nq

θc,1

...

θc,n

θc,2
Ñ ?

θ�c,i � θc,i � max
j�1,n

θc,j

exp xθ�{ρ, φpyqy ÝÝÝÑ
ρÑ0

0 @y P YV
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Implementation: Numerical Issues

θ�c,y � θc,y � θc,y�

y� � argmaxyPYV xθ, φpyqy
ñ Dc P C : maxyPY θ�c,y ¡ 0

Solution: an equivalent transformation θ Ñ θ�:

xθ, φpyqy � xθ�, φpyqy @y P YV

y� P Arg max
yPYV

xθ�, φpyqy ô @c P C : θ�c,y� P Argmax
yPY

θ�c,y
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Implementation: Numerical Issues

θ�c,y � θc,y � θc,y�

y� � argmaxyPYV xθ, φpyqy
ñ Dc P C : maxyPY θ�c,y ¡ 0

Solution: an equivalent transformation θ Ñ θ�:

xθ, φpyqy � xθ�, φpyqy @y P YV

y� P Arg max
yPYV

xθ�, φpyqy ô @c P C : θ�c,y� P Argmax
yPY

θ�c,y
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Random Sample: 5 Labels, an LP Tight Case.
Close to a Trivial Problem

Checked on different image size from 20� 20 to 200� 200 and different
distribution of weights between pairwise and unary factors.
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Random Sample: 5 Labels, an LP Tight Case.
Far from a Trivial Problem

Checked on different image size from 20� 20 to 200� 200 and different
distribution of weights between pairwise and unary factors.
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Random Sample: 5 Labels,
Uniform Distribution with pw/u Weights 0.01
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Random Sample: 5 Labels,
Uniform Distribution with pw/u Weights 0.50
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Random Sample: 5 Labels,
Uniform Distribution with pw/u Weights 0.75
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Input image
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Precision 0.01% (227 oracle calls)
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Summary

We proposed:

1 A smooth optimal first-order optimization method to solve the MAP
inference problem.

2 A method for the lower bound calculation for non-LP-tight case.

3 Dynamic Lipschitz constant estimation to significantly speed-up the
calculations.

4 A non-trivial implementation for (almost) any arbitrary small
smoothing value.
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Future work

1 Further speed-up.

2 Deeper insight to a way of changing the smoothing parameter in the
course of the algorithm.

3 Improvement of convergence of the primal objective for a
non-LP-tight cases.
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Analysis of paper by Jojic, Gould, Koller: ICML 2010

+ Clever idea!

– Lipschitz constant is estimated for L1-norm and algorithm
(seems that) uses L2-norm - error !

– Stopping criterion is not specified.

– Numerical issues are not covered: experiments only with
decompositions to small subgraphs.
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Optimization: Estimate Sequence Notion [Nesterov83]

1 tgtpxqu, αt P p0, 1q,
°8
t�0 � 8, t � 1,8

gt�1pxq ¤ αtfpxq � p1� αtqgtpxq

2 if for some txtu fpxtq ¤ gt� � minxPRn gtpxq then

fpxtq � f� ¤ λtpg0px
tq � f�q Ñ 0, for λt �

8¹
t�0

p1� αtq Ñ 0.
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Optimization: Estimate Sequence Example [Nesterov83]

1 f -convex ñ fpxq ¥ fpzq � xf 1pzq, x� zy ñ for any sequence tztu

gt�1pxq � αtpfpzq �
@
f 1pztq, x� z

D
q � p1� αtqgtpxq

2 let g0pxq � g�0 �
γ0
2 ||x� u0||

2 then

gtpxq � gt� �
γt

2
||x� ut||2

and for gt�, γt, ut there are closed form expressions.

3 We have to define sequences at, zt and xt such that fpxtq ¤ gt�.

4

fpxtq � f� ¤ λt
�
fpx0q � f� �

γ0
2
||x0 � x�||2

	
Ñ 0
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