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Abstract
We consider local polytope relaxation of the energy minimization/MAP-inference problem for
undirected graphical models.
We propose a novel method for constructing feasible relaxed primal estimates for a range of dual
and saddle-point algorithms addressing this and similar problems with a separable structure.
We provide a theoretical analysis of our method, which suggest its optimality with respect to all
other projections.

MAP-Inference Problem
Given the graph G = (V , E), associated variables xv ∈ Xv , v ∈ V, and potentials θw ,xw ∈ R,
w ∈ V ∪ E , we consider the energy minimization problem

min
x∈X

E(θ, x) = min
x∈X

∑
v∈V

θv ,xv +
∑

uv∈E
θuv ,xuv

 = min
x∈X
〈θ, δ(x)〉 = min

µ∈conv(δ(X ))
〈θ, µ〉 ≥ min

µ∈L⊃conv(δ(X ))
〈θ, µ〉
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Local polytope (LP) relaxation: min
µ∈L
〈θ, µ〉, where

L =


∑

xv µv = 1 , v ∈ V∑
xu µuv ,xuv = µv ,xv , v ∈ V , xv ∈ Xv∑
xv µuv ,xuv = µu,xu ,u ∈ V , xu ∈ Xu

µ ≥ 0

 ⊃ conv(δ(X ))

Motivation for Relaxed Feasible Primal Estimates

Duality+integrality gap between dual and
integral primal

Feasible relaxed primal estimates
provide a theoretically sound stopping condition,
provide a basis for the comparison of different
optimization schemes,
enable adaptive optimization schemes depending on the
duality gap, e.g. step-size selection in subgradient
algorithm,
enable tightening of relaxations with primal cutting-plane
based approaches.

Inapplicability of Euclidean Projection for Feasibility of Primal Relaxed Estimates

L
µt

µ∗

µ̂t

Many algorithms produce infeasible primal estimates µt t→∞−−−→ µ∗, µt /∈ L
Infeasible estimates µt are almost useless.
Their (Euclidean) projection to L, minµ∈L ‖µt − µ‖2, is
computationally expensive!

Separability of the Local Polytope w.r.t. Fixed µv , v ∈ V

Let µv = µ̂v , v ∈ V, then Luv(µ̂u, µ̂v) := {µuv ≥ 0 :
∑

xu µuv ,xuv = µ̂v ,xv ,
∑

xv µuv ,xuv = µ̂u,xu}

arg min
µ∈L

µv =µ̂v ,v∈V

〈θ, µ〉 =

(
arg min

µuv∈Luv (µ̂u,µ̂v )
〈θuv , µuv〉 , arg min

µvw∈Lvw(µ̂v ,µ̂w)
〈θvw , µvw〉

)

µ̂u

θv(xv)
θuv(xu, xv) θuv(xv , xw)

θu(xu) θw(xw)

µ̂v µ̂w

⇒

µ̂u

θuv(xu, xv)
θu(xu) θv(xv)

µ̂v

+

θv(xv)
θuv(xv , xw)

θw(xw)

µ̂v µ̂w

Optimizing Projection:


µ̂v = Π∆|Xv |

(µv) , v ∈ V # feasibility, in simple case µ̂v := µv

µ̂uv = arg min
µuv∈Luv (µ̂u,µ̂v )

〈θuv , µuv〉 ,uv ∈ E # optimization w.r.t. µuv , uv ∈ E

Theorem. From E(µt)→ E∗L and µt → L follows E(µ̂t)→ E∗L . Moreover:

|E(µ̂)− E∗L| ≤ |E(µ)− E∗L| + (‖θV‖ + ‖θE‖)‖µ− ΠL(µ)‖

⇒ Projected estimates µ̂t converge with the same rate as the non-projected ones µt .
Efficiently Computing the Optimizing Projection for the Local Polytope

min
µuv≥0

〈θuv , µuv〉

s.t.
∑

xu µuv ,xuv = µ̂v ,xv∑
xv µuv ,xuv = µ̂u,xu

Small-sized standard, well-studied transportation problem
0.01-0.02 sec for in total 256× 256 problems, 4× 4 labels each
code is publicly available in OpenGM library [1]

Beyond the Local Polytope: Optimizing Projection for Arbitrary Convex Functions and Sets

f ∗C = arg minz∈C f (z) - convex; C ⊂ Rn - convex closed; z ≡ (x , y)

Optimizing projection

{
x̂ := ΠCX

(x), CX = {x | ∃y : (x , y) ∈ C} # feasibility, in simple case x̂ := x
ŷ := arg miny :(x̂ ,y)∈C f (x̂ , y) # optimization w.r.t. y for a fixed x

Theorem

f (x̂ t , ŷ t)
t→∞−−−→ f ∗C , f -continuous and f (z t)→ f ∗C, z t → C

|f (x̂ , ŷ)− f ∗| ≤ |f (x , y)− f ∗| + (LX (f ) + LY (f ))‖z − ΠC(z)‖ , f -Lipschitz-continuous w.r.t. x and y
|f (x̂ , ŷ)− f ∗| ≤ |f (x , y)− f ∗| + LY (f )‖z − ΠC(z)‖ , f -Lipschitz-continuous w.r.t. y and x̂ = x .

Comparable to the Euclidean projection: |f (x̂ , ŷ)− f ∗| ≤ |f (x , y)− f ∗| + LXY (f )‖z − ΠD(z)‖

Optimality of Optimizing Projection

Theorem
f (x̂ , ŷ) ≤ f (x , y) for any (x , y) ∈ C and
f (x̂ , ŷ) < f (x , y) if y /∈ arg miny ′ : (x ,y ′)∈Cf (x , y ′).

# Optimizing projection
improves ANY other projection.

Optimizing Projection for a Smoothed Primal (Approximation of the Partition Function)

minµ∈LA(µ) := 〈θ, µ〉 −
∑

w∈V∪E bwH(µw) - partition function approximation [4, 3]

Let


µ̂v = Π∆|Xv |

(µv) , v ∈ V # feasibility of unary marginals
µ̂uv = arg min

µuv∈Luv (µ̂u,µ̂v )
〈θuv − buv log(µuv), µuv〉 ,uv ∈ E # optimization w.r.t. p/w marginals

Corollary From A(µt)
t→∞−−−→ A∗L , µ

t t→∞−−−→ L follows A(µ̂t)
t→∞−−−→ A∗L.

Getting Infeasible Primal Estimates

Primal-Dual Algorithms (incl. ADMM, ADLP): [2, 11, 7, 8]

max
µ≥0

min
φ

〈−b, φ〉 +
〈
µ,A>φ

〉
− 〈θ, µ〉+τ‖Aµ− b‖2 .

µt /∈ L - infeasible primal iterates of the algorithms. Projected iterates µ̂t ∈ L are feasible.

Dual Decomposition Based Dual
EG2(θ2, x)

+

+EG1(θ1, x)=

→

EG(θ, x)

min
x∈X

EG(θ, x) ≥ max
θ1+θ2=θ

[
min

x1∈X
EG1(θ1, x1) + min

x2∈X
EG2(θ2, x2)

]
Parametrization: θ1

V(λ) = θV
2 + λV , θ

2
V(λ) = θV

2 − λV , θ
i
uv(λ) = θuv , uv ∈ E i

Dual: U(λ) =
∑2

i=1 minx i∈X EG i(θ
i(λ), x i) # piecewise linear, concave, non-smooth

∀µ ∈ L, λ ∈ Rn E(µ) ≥ U(λ). In optimum: (λ∗, µ∗)⇒ E(µ∗) = U(λ∗).

Subgradient Based Algorithms [6, 5]

Subgradient: ∂U
∂λ = δV(x∗1)− δV(x∗2)

Algorithm: λt+1 = λt + τ t ∂U
∂λ (λt) τ t → 0,

∑∞
t=1 τ

t =∞

Primal sequences: i = 1,2 :
∑t

k=1 δv (x∗i ,k)
t

t→∞−−−→ µ∗v # time-averaged subgradient

i = 1,2 :
∑t

k=1 τ
kδv (x∗i ,k)∑t

k=1 τ
k

t→∞−−−→ µ∗v # step-size-averaged subgradient

Bundle method [5]: i = 1,2 :
∑t

k=1 ξ
kδv (x∗i ,k)∑t

k=1 ξ
k

t→∞−−−→ µ∗v # bundle-averaged subgradient

Smoothing Based Algorithms [9, 10, 3]

Smoothed dual: Ũρ(λ) + 2ρ log |X | ≥ U(λ) ≥ Ûρ(λ)

Unary marginals: i = 1,2 µi
ρ(λ)v ,xv

:=

∑
x ′∈X ,x ′v =xv

exp
〈
−θi(λ)/ρ,φ(x ′)

〉
exp(−Û i

ρ(λ)/ρ)

Gradient: ∇Ũρ(λ) = µ1
ρ(λ)V − µ2

ρ(λ)V

Primal sequences: i = 1,2 : µi
ρ(λt)v

λt→λ̂∗−−−−→ µ̃∗v = arg minµ∈LA(θ, µ) # gradient

Experimental Evaluation

(a) (b)

Figure : (a) Convergence of the primal (dashed lines) and dual (solid lines) bounds to the same optimal limit value for
primal-dual Chambolle-Pock [2, 11], smoothing-based Smoothed TRW-S [10], and Subgradient [6]
algorithms. The obtained integer bound is plotted as a dotted line. Randomly generated 256×256, 4 labels grid model.
(b) Adaptively updating smoothing based on duality gap and duality+integrality gap in the
Smoothed TRW-S [10] algorithm. Randomly generated 25× 25, 4 labels grid model.
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