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Abstract
@ We consider local polytope relaxation of the energy minimization/MAP-inference problem for
undirected graphical models.

@ We propose a novel method for constructing feasible relaxed primal estimates for a range of dual
and saddle-point algorithms addressing this and similar problems with a separable structure.

@ We provide a theoretical analysis of our method, which suggest its optimality with respect to all
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other projections.

MAP-Inference Problem

Given the graph G = (V, &), associated variables x, € Xy, v € V, and potentials 0y x, € R,
w €V UE, we consider the energy minimization problem
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Feasible relaxed primal estimates
@ provide a theoretically sound stopping condition,

@ provide a basis for the comparison of different
optimization schemes,

| @ enable adaptive optimization schemes depending on the

b
Il

( duality gap, e.g. step-size selection in subgradient
' algorithm,

@ enable tightening of relaxations with primal cutting-plane
based approaches.
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Inapplicability of Euclidean Projection for Feasibility of Primal Relaxed Estimates

e Many algorithms produce infeasible primal estimates u! =% u*, 1l ¢ £
@ Infeasible estimates 1! are almost useless.

@ Their (Euclidean) projection to £, min,c [|u! — p|?, is
computationally expensive!

Separability of the Local Polytope w.r.t. Fixed uy, v eV

Let Uy = ﬁv, v € V, then £UV(:&U7 ,LALV) = {Muv > 0: qu Huv.xXyy — ,LALv,xva va Huv. xXyy — /Aﬁu,xu}

argmin (6, u) = ( argmin  (Ouy, puy) arg min <9vw,,uvw>>
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fiy fiy fw iy fiy fiy fw
- - y = HA\XV\(’LLV) veV #feasibility, in simple case jiy := uy
Optimizing Projection: fuy = argmin  (Byy, puy) ,uv € £ # optimization w.r.t. uyy, uv € £

puvELuv(fu,ity)

Theorem. From E(u') — E} and u! — £ follows E(p) — E} . Moreover:

E(7) — Ez| < |E(p) — E£|+ (10wl + 10Dl — Mg (w)l]
— Projected estimates /if converge with the same rate as the non-projected ones x!.
Efficiently Computing the Optimizing Projection for the Local Polytope

min_(Ouv, puv) @ Small-sized standard, well-studied transportation problem

>0
““V—Z v = Ty x @ 0.01-0.02 sec for in total 256 x 256 problems, 4 x 4 labels each
XuB BRI Y g code is publicly available in OpenGM library [1]
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Beyond the Local Polytope: Optimizing Projection for Arbitrary Convex Functions and Sets

fa =argmin,cc f(z) - convex; C C R™ - convex closed; z = (x, y)

oL o x:=MNg (x), Cx={x|3y: (x,y) € C} #feasibility, in simple case X := x
X
IR [P Eeien { y = arg min,. s y)ec f(x,y) # optimization w.r.t. y for a fixed x

Theorem

f(x!, 7
f(3.9) - '] <

, f-continuous and f(z') — f5, z' — C
f(x,y) — *| + (Lx(f) + Ly(f))||z — N(2)|| , f-Lipschitz-continuous w.r.t. x and y
f(x,y)— |+ Ly(f)||z—Ng(2)]] , f-Lipschitz-continuous w.r.t. y and x = x.

Comparable to the Euclidean projection: |f(X, ) — f*| < |f(x, y) — £*| + Lyy(f)||z — Np(2)|

Optimality of Optimizing Projection

- f(x,y) < f(x,y) forany (x, y) € C and # Optimizing projection
COTEM #(%,y) < f(x,y) if y ¢ argmin,,. (y ynecf(x,¥)). improves ANY other projection.

Optimizing Projection for a Smoothed Primal (Approximation of the Partition Function)

(0, 1) — > wevue bwH(pw) - partition function approximation [4, 3]

Ay, (v v eV #feasibility of unary marginals

argmin  (Oyy — buy log(puy), puv) ,uv € € # optimization w.r.t. p/w marginals
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Getting Infeasible Primal Estimates

Primal-Dual Algorithms (incl. ADMM, ADLP): [2, 11, 7, 8]
(=b,6) + (1, ATo) — (O, ) + 7 A b

ul ¢ L - infeasible primal iterates of the algorithms. Projected iterates il € £ are feasible.

max min
p=0 ¢

Dual Decomposition Based Dual

E; (0, x) = E; (01, x) + Ez2 (0%, x)
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Parametrization: 911,()\) — %ﬁ + Ay, 9]2,()\) — %ﬁ — Ay, QLV(A) = Oyy, UV € gl
Dual: U(\) = X7y min;_, E;i(6'(\),x")  # piecewise linear, concave, non-smooth
Ve L, € RTE(u) > U(N). Inoptimum: (A", u*) = E(u*) = U(NY).

Subgradient Based Algorithms [6, 5]

Subgradient: U — 5 (x*1) = dy(x*2)
Algorithm: AT =2 Tt%_LAj()‘t) =0, Yyl =0

I, K
t(SV(X ) (Zoo, uy, # time-averaged subgradient

Primal sequences: /=12

S TR (xR tooo

> 1y, # step-size-averaged subgradient

t k xI,K
ZK% § 5"5(2( ) oo, uy, # bundle-averaged subgradient
k=1

Smoothing Based Algorithms [9, 10, 3]

Smoothed dual:  U,(\) +2plog |X| > U(\) > U,(\)

Bundle method [5]: /1 =1,2:

Y ey EP{ 0N /p,0(X) )
exp(—Uj()/p)

Unary marginals: i=1,2 uy()), , =

Gradient: VU,(\) = 1h(\)y — u5(N)y

A )\*

Primal sequences: i =1,2: /(A » [iy, = argmin,,c 0 A(0, 1) # gradient

Experimental Evaluation
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Figure : (@) Convergence of the primal (dashed lines) and dual (solid lines) bounds to the same optimal limit value for
primal-dual Chambolle—-Pock [2, 11], smoothing-based Smoothed TRW-S [10], and Subgradient [6]
algorithms. The obtained integer bound is plotted as a dotted line. Randomly generated 256 x 256, 4 labels grid model.
(b) Adaptively updating smoothing based on duality gap andduality+integrality gap inthe
smoothed TRW-S [10] algorithm. Randomly generated 25 x 25, 4 labels grid model.
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