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Goal and contribution
Goal: Efficient dual block coordinate ascent solvers for a wide range of large scale combina-
torial problems from computer vision and beyond.
Contribution:

We propose a new class of general LP-relaxations of ILP-problems, called
Integer Relaxed Pairwise Separable Linear Programs (IRPS-LP).

(IRPS-LP) generalize the local polytope relaxation for CRFs.
(IRPS-LP) allows explicit modelling of allowed configurations, instead of forbidding them with∞-costs.
This leads to more compact formulations and lower computational cost.
Relaxations of the multicut [4] (poster #75) and graph matching [5] (poster #69 tommorow afternoon)
problems can be written as (IRPS-LP).

We analyze dual block coordinate ascent for (IRPS-LP).
We prove monotonical improvement of a dual lower bound.
Popular algorithms TRWS [2], SRMP [3] and MPLP [1] for inference in CRFs are special cases.

Practical impact:
Efficient algorithms for multicut and graph matching have been written in our framework
(for extensive details see corresponding posters).
C++ implementation available at https://github.com/pawelswoboda/LP_MP.

Problem formulation (IRPS-LP)
Factor graph G = (F,E):

factors i ∈ F with variables µi ∈ Xi ⊆ {0,1}di

couplings ij ∈ E ⊆
(
F
2

)
with constraints A(i ,j)µi = A(j ,i)µj.

(IRPS-LP):

min
µ∈ΛG

k∑
i=1

〈θi, µi〉

ΛG :=

{
(µ1 . . . µk)

∣∣∣∣ µi ∈ conv(Xi) ∀i ∈ F
A(i ,j)µi = A(j ,i)µj ∀ij ∈ E

}
.
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Example: MAP-inference in CRFs as (IRPS-LP)
CRF:

Graph G = (V,E),
label space X =

∏
u∈V Xu,

∀u ∈ V: unary costs θu : Xu → R,
∀uv ∈ E: pairwise costs θuv : Xu × Xv → R.

MAP-inference:

min
x∈X

∑
u∈V

θu(xu) +
∑

uv∈E
θuv(xuv) .

(IRPS-LP): F = V ∪ E, E = {{u,uv}, {v ,uv} : uv ∈ E}. Simplex: ∆n = {x ∈ Rn
+ :
∑n

i=1 xi〉 =
1}.

min
µ∈LG

〈θ, µ〉 :=
∑
u∈V

〈θu, µu〉 +
∑
uv∈E

〈θuv , µuv〉

LG =


µu ∈ conv(Xu) : µu ∈ ∆|Xu|,u ∈ V
µuv ∈ conv(Xuv) : µuv ∈ ∆|Xuv |,uv ∈ E
A(uv ,u)µuv = A(u,uv)µu :

∑
xv∈Xv

µuv(xu, xv) = µu(xu) .
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CRF as (IRPS-LP)

Example: graph matching
Given:

CRF.
Label spaces Xu ⊂ L are part of an universe.

min
x∈X

∑
u∈V

θu(xu) +
∑
uv∈E

θuv(xuv)︸ ︷︷ ︸
CRF

s.t. xu 6= xv ∀u 6= v︸ ︷︷ ︸
uniqueness constraints

Example: V = {u, v ,w}, L = {l , l ′, l ′′}.
Unary factors: Each node takes a label.
Label factors: Each label can be taken
once.
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(IRPS-LP):

minµ∈LG,µ̃ 〈θ, µ〉

s.t. µ̃ ∈

∀s ∈ L :
∑
u∈V

µ̃u(s) ≤ 1

 additional (IRPS-LP) factors
for uniqueness constraint

µu(s) = µ̃s(u), s ∈ Xu couple CRF and uniqueness constraints .

Example: multicut
Optimization problem:

Weighted graph G = (V ,E).
Find partition of G.

min
x∈{0,1}|E|

∑
e∈E

θexe , s.t. ∀ cycles C : ∀e′ ∈ C :
∑

e∈C\{e′}
xe ≥ xe′︸ ︷︷ ︸

cycle inequalities

.

(IRPS-LP):
Factors: F = E ∪ 3-cycle(E).
Couplings: E = {{e,C} : C ∈ 3-cycle(E),e ∈ C}

Motivation: Dual block coordinate ascent for CRFs

Observation: TRWS [2] is state of the art
among LP-based methods for
MAP-inference for CRFs:
Contribution: Develop dual block
coordinate ascent methods inspired by
TRWS [2] for (IRPS-LP).

Dual lower bound
Dualize primal problem w.r.t. coupling constraints:

Primal variables P :=

{
µ =

(µ1...
µk

)
: µ ∈

(
conv(x1)...
conv(Xk)

)}
.

Coupling constraints: Aµ = (A(i ,j)µi − A(j ,i)µj)ij∈E = 0.
Maximize dual lower bound: maxφ [D(φ) := minµ∈P〈θ, µ〉 + 〈φ,Aµ〉].
Reparametrization: θφ := θ + A>φ.

Elementary updates – Admissible messages

For factor i ∈ BF take subset of
neighbors N ⊆ {j : ij ∈ E}.
Consider dual variables φi j related to
couplings j ∈ N.
Change (φi j)j∈N by ∆ such that
D(φ−∆) ≥ D(φ).

Illustration in the figure:
factor 1, neighbors N = {2,3}.

µ1 ∈ X1 µ2 ∈ X2

µ3 ∈ X3 µ4 ∈ X4
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Elementary updates – Admissible messages
Computation of ∆:

x̂i ∈ arg minxi∈Xi
〈θφi , xi〉 : opt. configuration before update.

x̂i ∈ arg minxi∈Xi
〈θφ−∆i , xi〉 : opt. configuration after update.

〈θφ−∆i , x̂i〉 ≥ 〈θφi , x̂i〉 : costs do not decrease.

∆ = arg max∆−admissible〈δ, θφ−∆i 〉, δ(s)
{
> 0, x̂i(s) = 1
< 0, x̂i(s) = 0

Algorithm
Visit all factors i ∈ F and perform elementary updates:

Special cases: TRWS [2], SRMP [3] and MPLP [1] for MAP-inference in CRFs.

Results: graph matching
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For more details please see [5] and corresponding poster #69 on Tuesday afternoon.

Results: multicut
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For more details please see [4] and corresponding poster #75.
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