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What is a combinatorial problem?

Traveling salesman: Find a shortest simple cycle containing all nodes in a fully 
connected graph.
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What is a combinatorial problem?

Linear assignment (Weighted bipartite matching): 
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What is a combinatorial problem?
Prime factorization: 

Given an integer, represent it as a product of prime numbers 



11

What is a combinatorial problem?

0/1-Integer linear program: 
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What is a combinatorial problem?

Integer quadratic program: 
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What is a combinatorial problem?

Quadratic program: Not combinatorial 
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Outline

● Integer linear programming: 
            A universal language for combinatorial problems

● How off the shelf ILP solvers work 

● What if off the shelf ILP solvers fail?
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Universal representation for combinatorial problems

Representable as

Integer linear program (ILP)
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Universal representation for combinatorial problems

For |S|< ∞
Integer linear program (ILP)

0/1 Integer linear program Mixed Integer linear program (MILP)

Representable as
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Commercial and open-source MILP Solvers
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Examples: ILP formulation
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Example: Linearization trick
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There are better linearizations...
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Outline

● Integer linear programming: 
            A universal language for combinatorial problems

● How off the shelf ILP solvers work 

● What if off the shelf ILP solvers fail?



29

Geometry of ILP

Solution = vertex
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How MILP solvers work:Linear program (LP) relaxation

Integer linear program Integer linear program (LP) relaxation

solution = 0/1 vertex 0/1 solution = vertex
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Systematic search: Branch-and-Bound
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MILP Solvers: Presolve, Cutting Planes, Heuristics
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MILP Solvers: Art of problem formulation

● ILP formulation/ LP relaxation

● LP solver selection (primal/dual simplex, interior point)

● Powerful (facet-defining) cutting planes

● Variable pricing (dual to cutting planes)

However...
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Outline

● Integer linear programming: 
            A universal language for combinatorial problems

● How off the shelf ILP solvers work 

● What if off the shelf ILP solvers fail?



50

MILP Solver too slow: Reasons

● General LP solver too slow
● Branch-end-bound tree too large:

 - primal heuristic too general/weak
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Specialized combinatorial solvers
● First-order non-smooth convex optimization instead of Interior point/simplex :
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● Dedicated primal heuristics:

- Randomized greedy with reduced costs
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Specialized combinatorial solvers

● Dedicated primal heuristics:

- Randomized greedy with reduced costs - Local search

● First-order non-smooth convex optimization instead of Interior point/simplex :
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Specialized combinatorial solvers: Applications

               Quadratic assignment

                     Cell tracking

Discrete labeling

Multi-graph matching

Maximum weight independent set
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Want to learn more?

Compact course in WiSe 2025:

       Sep. 29 – Oct. 10

More information:

https://hci.iwr.uni-heidelberg.de/content/optimization-machine-learning-WiSe25
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