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What is a combinatorial problem?

7, - integer numbers

Def.: Combinatorial problem: min f(z)
zcSCZ™
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What is a combinatorial problem?

Given a weighted graph, find a shortest path between its two nodes

c; €R
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What is a combinatorial problem?

Given a weighted graph, find a shortest path between its two nodes

c; €R
T; € {0,1}
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What is a combinatorial problem?

Given a weighted graph, find a shortest path between its two nodes

,oin f(2)

c; €R

x; € {0,1}

z=(r1,...,2,) €{0,1}" CZ"
f(z) = {c,2)
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What is a combinatorial problem?

Hamiltonian cycle: Ist there a simple cycle containing all nodes of a given
graph?
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IIllIl C, Z

/hat is a combinatorial problem?

Hamiltonian cycle: Ist there a simple cycle containing all nodes of a given
graph?

Cuv € {0,1}
Tyw € {0,1}
{u,v} € (g)

L xy) € {0, 1} C Z"

min (c,z) =0 7
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What is a combinatorial problem?

Traveling salesman: Find a shortest simple cycle containing all nodes in a fully
connected graph.
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What is a combinatorial problem?

Linear assignment (Weighted bipartite matching):

min c(x)
x is one-to-one matching
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What is a combinatorial problem?

Prime factorization:
Given an integer, represent it as a product of prime numbers

21=7-3
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What is a combinatorial problem?

0/1-Integer linear program:

min Q2
xe{0,1}™ Z’L L
Ax<b
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What is a combinatorial problem?

Integer quadratic program:

min - a;x; + L CiXi T
Ax<b
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What is a combinatorial problem?

Quadratic program: Not combinatorial

min = » . ;T + ) 5 Gi%id;
x€e[0,1]™
Ax<b
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Outline

* Integer linear programming:
A universal language for combinatorial problems

 How off the shelf ILP solvers work

 What if off the shelf ILP solvers fail?
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Universal representation for combinatorial problems

Theorem (Ibaraki’76): For |S| < oo

min Z Representable as '
i, [(z) - [Rep min, (¢, )
s.t.: Ax <b
Bx =d

Integer linear program (ILP)
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Universal representation for combinatorial problems

Theorem (Ibaraki’76): For |S| < oo

min Z R tabl '
oo f(z) epresentable as ){1'6112% (c,x)
s.t.: Ax <b
Bx =d

Integer linear program (ILP)

min {(c,X
xE{O,l}”< ’ >

s.t.: Ax < b

0/1 Integer linear program
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Universal representation for combinatorial problems

Theorem (Ibaraki’76): For |S| < oo

min Z R tabl '
oo f(z) epresentable as ){1'6112% (c,x)
s.t.: Ax <b
Bx =d

Integer linear program (ILP)

min (c,X min (C,,X Cy,
xE{O,l}”< ) xEZM €z X) + (€4, ¥)
yER™
s.t.r Ax <b s.t.: Ax+ By <b
0/1 Integer linear program Mixed Integer linear program (MILP)

Computer Vision
and Learning Lab 17



Commercial and open-source MILP Solvers

GUROBI SCIP

OPTIMIZATION

Solving Constraint Integer Programs

CPLEX & VOOEK feomrers

l. 71IAG BARON Solver

-
"5'1’_)
Computer Vision

The '
matk

ago  GLPK (GNU Linear Programming Kit)

auto
prob
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‘Examples: ILP formulation

i J
linear assignment

cij - weights
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‘Examples: ILP formulation

linear assignment

cij - weights

z;; € {0,1} - indicator variables

n n
> ¢;jx;; - matching weight
=1 =1

1
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‘Examples: ILP formulation

o
o
o
i J
mn
linear assignment - Zl Ty =1
j:

cij - weights

z;; € {0,1} - indicator variables
n n

Cij%ij - matching weight
—=1;j=1

.

1

.

1y
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‘Examples: ILP formulation

o
o
o
i J
mn
linear assignment - Zl Ty =1
j:

cij - weights

z;; € {0,1} - indicator variables
n n

Cij%ij - matching weight
—=1;j=1

.

1

.

1y

min
:UE{O,I}”X"

S.t.:

n n
E E CijCL'ij
1=1 7=1

g=1
1=1
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‘Examples: ILP formulation

Za:i <1 - at most one

1

in >1 - at least one

1

Z x; =1 - exactly one

Z x; =k - exactly k

E T; = E x; - flow conservation

el jeJ
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‘Example: Linearization trick

®
min Ciidii + diji j' TijTit
xE{O,l}nX"E:E:]j E ji’j' i
O 1=1 7=1 1919’
mn
® s.t.: E Tij = 1 Vs
i J j=1
n n
Z:inj: 5332321\7]
7=1 i=1
-/
J
1 dijirj
J

Quadratic assignment

Computer Vision
and Learning Lab 24



‘Example: Linearization trick

o
o
®
i J
n
i) T =1
j=1
j/
’[/ dij,l’/j/
J

Quadratic assignment

n n
min E E CijTij + E dijit i1 T Tir g7
xe{O)l}an

i=1 j=1 iji'j!

s.t.: inj =1W
7=1

1=1

Yijitgr 1= Lij it g

Non-linear
constraint!
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‘Example: Linearization trick

e
xe{O)l}an E Z Z
O 1=1 7=1 1919’
mn
® s.t.: E Tij = 1 Vs
i J j=1
mn
ZZZQ?Z']: 5332321\7]
=1 i=1
-/
J
17 d’ij’L’j/
j Yiji'j' = TijTirg'  Yijirj) < Xjj
./ . y'L U S :L‘i/ '/
l Non-linear T J
constraint! Yijirj' = Tij + Tyrjr — 1
Quadratic assignment
C ter Visi
omputer vision 26

and Learning Lab



‘Example: Linearization trick

n n
min CiiLii + dz il it Yl 7
xE{O,l}"XnE:E: §lij E, ji' 5" Yiji' j

® i=1 j=1 iji’'j’

n
® S.t.: inj =1W
=1

1=1

. . . ./ ./ .

-] V’L,],Z 7] ¢

i dijir Yijirj! < Tij
j y”z/]/ S :Ci/j/

7;/ y’ljl/]/ 2 ZCU —|— m’i’j/ — 1

Quadratic assignment

There are better linearizations...
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Outline

* Integer linear programming:
A universal language for combinatorial problems

e How off the shelf ILP solvers work

 What if off the shelf ILP solvers fail?
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‘Geometry of ILP

C
xEI?Oaﬁ(}” < 7X>

s.t.: Ax <Db

/100

Ax <b

Solution = vertex

I

101 4

001

011
vy

000

111

| 010

110

(0

101

/

100

L1
001

111

000
---_'_---

110

011

010

L2

{x €{0,1}": Ax < b}
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‘How MILP solvers work:Linear program (LP) relaxation

max (c,X) < max (c,X)

xe{0,1}" > xe[0,1]™
s.t.: Ax <b s.t.: Ax<b
Integer linear program tateger linear program (LP) relaxation
01 11 01 11
00 10 00 10
solution = 0/1 vertex 0/1 solution = vertex
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Systematic search: Branch-and-Bound

fint — 00

max (40, 60, 10, 10, 3, 20, 60)-x x =(3,1,0,0,0,0,1) Solve LP relaxation:
xe{0,1}7
s.t. 100 > (40, 50, 30, 10, 10, 40, 30)-x

fLP

Obj. val. = 140

° fLP < fint ?
No

o z1F c{0,1} 7
No

e Branch
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Systematic search: Branch-and-Bound

fint — 00

max (40, 60, 10, 10, 3, 20, 60)-x x =(3,1,0,0,0,0,1) Solve LP relaxation:
xe{0,1}7
s.t. 100 > (40, 50, 30, 10, 10, 40, 30)-x

fLP

Obj. val. = 140 o fLP < f?:nt ?

/l“l No

(0,1,0,1,0,1,1) (1,2,0,0,0,0,1) o 1P ¢ {0,1}" 7
135 136 No
e Branch
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Systematic search: Branch-and-Bound

fint — 00

: . fLP
max (40, 60, 10, 10, 3, 20, 60)-x x = (5,1,0,0,0,0,1) Solve LP relaxation: f
xXE s
s.t. 100 > (40, 50, 30, 10, 10, 40, 30)-x Ob val — 140
J. val. = .
° fLP < fmt ?
/ l =l No
(0,1,0,1,0,%,1) (1,2,0,0,0,0,1) o 1P ¢ {0,1}" 7
135 136 No
(0,1,5,1,0,0,1) (0,2,0,0,0,1,1) (1,0,0,1,0,3,1) (1,1,0,0,0,0, %)
133.3 116 120 120
Computer Vision
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Systematic search: Branch-and-Bound

fint — 00

: . LP
max (40, 60, 10, 10, 3, 20, 60)-x x = (3,1,0,0,0,0,1) Solve LP relaxation: f
xXE s
s.t. 100 > (40, 50, 30, 10, 10, 40, 30)-x Ob val. — 140
J. val. = .
° fLP < fznt 7
/ l n=l No
(0,1,0,1,0,1,1) (1,2,0,0,0,0,1)
135 136
(0,1,%,1,0,0,1) (0,2,0,0,0,1,1) (1,0,0,1,0,%,1) (1,1,0,0,0,0, 1)
133.3 116 120 120
IL‘3:0
(0,1,0,1,1,0,1)
133
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Systematic search: Branch-and-Bound

fint =133

: . LP
max (40, 60, 10, 10, 3, 20, 60)-x x = (5,1,0,0,0,0,1) Solve LP relaxation: f
xc{0,1
s.t. 100 > (40, 50, 30, 10, 10, 40, 30)-x Obr vl — 110
j. val. = .
° fLP < fznt ?
/ l =l No
(0,1,0,1,0,%,1) (1,2,0,0,0,0,1) o 1P ¢ {0,1}" 7
135 136 Yes: fint .= fLP
M z6 =1 V ¢ 25 = terminate branch
(0,1,%,1,0,0,1) (0,2,0,0,0,1,1) (1,0,0,1,0,%,1) (1,1,0,0,0,0, %)
133.3 116 120 120
1’3—0
(0,1,0,1,1,0,1)
133
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Systematic search: Branch-and-Bound

fint =133
x = (1,1,0,0,0,0,1) Solve LP relaxation:

2

fLP
max (40, 60, 10, 10, 3, 20, 60)-x

xe{0,1}7

s.t.100 > (40, 50, 30, 10, 10, 40, 30)-x

Obj. val. =140 o fLP < fi?’Lt ?

/ l =t Yes: terminate branch

(0,1,0,1,0,1,1) (1,2,0,0,0,0,1)
135 136

(0,1,%,1,0,0,1) (0,2,0,0,0,1,1) (1,0,0,1,0,3,1) (1,1,0,0,0,0, 3) e Update existing leafs

133.3 116 120 120 e Branch
Tr3 = 0
(0,1,0,1,1,0,1)

133
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Systematic search: Branch-and-Bound

fint =133
x = (1,1,0,0,0,0,1) Solve LP relaxation:

2

fLP
max (40, 60, 10, 10, 3, 20, 60)-x

xe{0,1}7

s.t. 100 > (40, 50, 30, 10, 10, 40, 30)-X

Obj. val. = 140 o fLP < fi?’Lt ?

"//////fi/jL////’//////////lml1 Yes: terminate branch

(0,1,0,1,0,%,1) (1,2,0,0,0,0,1)
135 136
s g P
(0,1,1,1,0,0,1) (0,2,0,0,0,1,1) (1,0,0,1,0,%,1) (1,1,0,0,0,0, %) e No leaf to branch
int
133.3 116 120 120 = Return f
r3 = 0 rs = 1
(0,1,0,1,1,0,1) (0,4,1,0,0,0,1)
133 118
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Systematic search: Branch-and-Bound
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Systematic search: Branch-and-Bound

Computer Vision
and Learning Lab



Systematic search: Branch-and-Bound
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Systematic search: Branch-and-Bound
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Systematic search: Branch-and-Bound
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Systematic search: Branch-and-Bound

fint =133

max (40,
xe{0,1}7

s.t. 100 > (40,

10, 10, 3, 20,
30, 10, 10, 40,

60) - x = (1,1,0,0,0,0,1) Solve LP relaxation: f&¥

30) - x

Obj. val. = 140

° fLP < fint ?

/ l =1 Yes: terminate branch

(0,1,0,1,0,1,1) (1,2,0,0,0,0,1)
135 136
M zg =1 V¢ o =1
(0,1,1,1,0,0,1) (0,2,0,0,0,1,1) (1,0,0,1,0,1,1) (1,1,0,0,0,0, %) e No leaf to branch
133.3 116 120 120 = Return f*
x3 =0 x3 =1

(0,1,0,1,1,0,1)

(0,4,1,0,0,0,1)

133

118

e what variable to branch on (e.g., closest to 0.5)
e what leaf to branch (e.g., bfs/dfs)
e efficient warm start for branching LPs needed

e additional usage of primal heuristics for better f**

Computer Vision
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‘MILP Solvers: Presolve, Cutting Planes, Heuristics

ZCiE{O,l}, 201+ 2290 <1 = 221+ 229 < = xI1=x9=0~0

N
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‘MILP Solvers: Presolve, Cutting Planes, Heuristics

z; €{0,1}, 221 +222 <1 = 221 4+222<1 = 1z =z2=0

e Fixing variables: x; =0

e Removing unnecessary constraints

o Identify infeasibilty of constraints: f&¥* < fint
e Logical implications x1 = 0= 25 =1

e Constraints tightening
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‘MILP Solvers: Presolve, Cutting Planes, Heuristics

\\/separation inequality

(170) .................. \\\\ .............................. (1, 1)

pélytope of the LP relaxation

(0,0) ) é(o, 1)

6x1 + 5xo + Tx3 + 414 + S5 < 15

LP solution: 1 =0, o =1, x3 =24 = x5 = 3/4

Note: 7T+4+5=16> 15 = x5+ x4 + 5 < 2

3/44+3/4+3/4=9/4 > 2 = LP solution is cut off

Computer Vision
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‘MILP Solvers: Presolve, Cutting Planes, Heuristics

(X1 Ty e ooy Ly eeey Ty evvy Tinynnny L)
h ~~ d S~~~ ~~ S——
fixed fixed fixed fixed

Optimize over x;, © € I:
e Random [/

e Based on > 2 solutions: (1,

Computer Vision
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‘MILP Solvers: Art of problem formulation

ILP formulation/ LP relaxation

LP solver selection (primal/dual simplex, interior point)

Powerful (facet-defining) cutting planes

Variable pricing (dual to cutting planes)

However...

Computer Vision
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Outline

* Integer linear programming:
A universal language for combinatorial problems

 How off the shelf ILP solvers work

e What if off the shelf ILP solvers fail?
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‘ MILP Solver too slow: Reasons

150 4 == Gurobi
wesss - Qur Solver
1251
=
£ 100 -
k=
Q -
g 75
g 50 -
25 -
0 -
0 100 200 300 400 500 600 700 800
problem size (in 1.000 detections)
* General LP solver too slow
* Branch-end-bound tree too large:
- primal heuristic too general/weak
Computer Vision
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Specialized combinatorial solvers

* First-order non-smooth convex optimization instead of Interior point/simplex :
103

LlllllrlllIIIIIIIIIIIIIIIIII: IIIIIIIII
102 - < 100%=ractional

optimality gap (%)

101 109 101 102
runtime (s)
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Specialized combinatorial solvers

* First-order non-smooth convex optimization instead of Interior point/simplex :

103 —

10 e @i min (e, x) = max min
x€[0,1]

o e R =] x€[0,1]™
10° ‘39 t Ax=Db
1071 - ".k\ i
0 - ~~--—-—- =
101
—-10° ~
-101
-102

optimality gap (%)

1071 10° 10! 102
runtime (s)

e+ AN x) = (Ab)

J/

~

concave non-smooth

c+ AT X* - reduced costs

more informative
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Specialized combinatorial solvers

* First-order non-smooth convex optimization instead of Interior point/simplex :

103 ™

102 | [.;.;.;.;. ......... ia(J.O/-o?r.a:;t:gn-aT.- min <C’ X> — maX min <C _I_ A—l_ A, X> L <A’ -b>
g 10PN T ===_] x€[0,1]™ A XE[O 1]”
S 100 4 "*;é Ax=b < ’ Y
% 10-1 4 t.:§ ‘3 ~
3 0 - e concave non-smooth
E —1071 -
e 1 c+ A" X" - reduced costs
i TRl R VA . more informative

* Dedicated primal heuristics:

- Randomized greedy with reduced costs

X" ~ min <c + AT)\,X>
xe{0,1}
Ax=Db

Computer Vision
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Specialized combinatorial solvers

* First-order non-smooth convex optimization instead of Interior point/simplex :

103 ™

o [T min (¢, x) = max min (¢ + AT, x) — (A, b)
SRV N I m===| x€lo.1n A xelo,1]”
o 100 - % L Ax=Db O J/
S -1 4 Ty~
S 10 ~r~ N~
5 0 - e concave non-smooth
E —1071 -
e [ I c+ A" X" - reduced costs

_102 = |’i|||7|7 T ||7|u| S — . .

o e i more informative

* Dedicated primal heuristics:

- Randomized greedy with reduced costs - Local search

x* ~ min <c + ATA,X> <c Xt+1> < (c Xt>
xec{0,1}7 ! — ?
Ax=Db

Computer Vision
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Specialized combinatorial solvers: Applications

Quadratic assignment

B

Cell tracking

Discrete labeling

Maximum weight independent set

Computer Vision
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Want to learn more?

Compact course in WiSe 2025:

Sep. 29 - Oct. 10

Applied Combinatorial

More information: Optimization

or Combinatorial Optimization for Artificial Intelligence

Bogdan Savchynskyy
Heidelberg University
bogdan.savchynskyy@iwr.uni-heidelberg.de

June 6, 2025

https://hci.iwr.uni-heidelberg.de/content/optimization-machine-learning-WiSe25

Computer Vision
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