APPENDIX A: PROOF OF LEMMA 1

Let us write down the linear program corresponding
to the QPBO method. The roof duality relaxation for
function E is given by equation (17). Adding pairwise
terms Cx,xp for a,b € A(p), a # b to function (13)
will affect the relaxation (17) as follows: linear terms
Czqp will be added to function (17), and corresponding
constraints will be imposed (see (17)). Since C' is a large
constant, new variables x,;, will be forced to 0. Therefore,
we arrive at the following linear program:

Z Ooa + Z OabTan (19)
acA (a,b)eN
To+ap <1 Ya,be N(p),pe P,a#b
0<2, <1 Vae A
subject to ¢ zup < o, Tap < 1 V(a,b) €N
Tab > Tog+xp—1 V(a,b) €N
Tap > 0 V(a,b) € N

Let us now derive the relaxation solved by the decom-
position approach with the linear and maxflow subprob-
lems, i.e. with I = {L, F'}. Tt is known [2] that the optimal
value of the linear matching problem &, (8%) is equal to
the optimal value of the following linear program:

e, <1 VpeP

minZ@éwa sb.t. < acA(p)
acA Ty >0 Vae A
Hp = g < 9L Va=(p,q 6!)
= max Z —pp sb.t. { %
o=y >0 Vpe P
Smularl% the lower bound for the maxflow subprob-
lem ®(0") can be written as the dual problem to (17):
Z _/\a + Z _)\ab (21)
acA (a,b)eN
Ao+ Y [Aab—Aap] <60 VaeA
(a,b)eN
subject to ~Xab — Ava + Aap < 05 V(a,b) € N
Aa >0 Vae A
Aab > 0,00 > 0,0y >0 V(a,b) €N

Here we denoted )., and )\, to be the dual variables
for the constraints z,, < z, and x4, > x4 + Tp — 1,
respectively. Note that Aap and Ny, are distinct variables,
while A\, and )\, denote the same variable.

Using (20) and (21), we can write the optimal lower
bound of the decomposition approach as follows:

max ®.,(0%) + o (07)
GLEQL,

0" +67-06

max ‘I)L(—O) + (I)F(é + 0)
0:6,,=0

which yields

max _ Z ,up—i-z —Aa + Z —Aab
O AN cp a€A (a,b)EN
—tp — tqg < —ba Va=(p,q) €A
“AatY [ = Aw] <o +6. VaeA
(a,b)eN
subject to { —Aab — Ava + Xap < Oap V(a,b) € N
fp >0 VpeP
Ao >0 Vae A
5\@1)20,5\1,,120,/\,11720 V(a,b)EN

We can eliminate 6, from the first and the second
constraint and combine them into one constraint, then

we obtain
max. Z —pp + Z —Aa + Z —Aab
TR W pEP acA (a,b)EN
— g = Xa+ > [Rab—Aap) <04
(a,b)eN Va=(p,q €A
Sbt _xab - 5\ba + /\ab S éab v (aa b) eN
pp >0 VpeP
Ao >0 Vaec A
5\ab2075\ba20,/\ab20 V(a,b)e
The dual to this linear program is given by
Z 9 aTq + Z 9 abTab
acA (a,b)eN
Z —xp > —1 Vpe P
a€A(p)
-z, > —1 Vaec A
subject to { —Ta — Tp + Tap > —1 V(a,b) € N
To — Tap > 0,2p —xqp >0 V(a,b) €N
Tq >0 Vae A
Zap >0 V(a,b) € N

Thus, the optimal value of the lower bound equals

Z ata + Z OabTab (22)
acA (a,b)eN
> o<l VpeP
acA(p)
) 0<z, <1 Vaec A
subject to Tab < o, Tap < 2 V(a,b) €N
Tap > Ta +xp—1 V(a,b) €N
Tap >0 V(a,b)EN

It is easy to see that the optimal value of (22) is the
same or larger than the optimal value of (19). Indeed,
the only difference between (19) and (22) is that the
first constraint in (22) is tighter than the corresponding
constraint in (19): ZaeA(p) zq < 1implies x4 + 2 < 1 for
a,b € A(p), a # b, but not the other way around. (Note
that the labeling z, = 0.5 for a € A(p) satisfies the latter
constraint but not the former, if |A(p)| > 2.)



APPENDIX B: PROOF OF LEMMA 2

Consider a local subproblem o € I. Let ¢’ be a sub-
problem of o, i.e. the feasibility set of ¢’ is contained
in the feasibility set of o: Q5 C Q,. It can be seen
that adding o’ to I as another local subproblem does
not affect the optimal lower bound. Indeed, it is clear
that adding ¢’ cannot decrease the optimal bound. The
optimal bound also cannot increase since for any vector
0 =(..,0°, 0"/, ...) € @, where (¥ is the constraint set
for the new problem, there exists vector 0 = (...,07 +
67, .. .) € © whose bound is not worse since

®,(67 +67) = 28, <¥> > 3, (67) + D, (67).

(The inequality holds since ®,/(-) is the same function
as ®,(+), and it is concave.)

Let us prove part (a). Let I be a set of subproblem
indexes which does not include the linear problem L.
We need to show that adding L to / cannot increase
the optimal lower bound. Instead of L, let us add a
new subproblem p to I for each point p € P which
includes only assignments in A(p) (and does not include
any edges), i.e. the feasibility set 2, for this subproblem
is defined by 62 = 0 for all assignments a € A — A(p)
and 0?, = 0 for all edges (a,b) € N. As follows from the
argument above and conditions of part (a), this operation
cannot improve the best lower bound. Thus, it suffices
to prove that replacing the new set of subproblems with
L would not improve optimal bound. In other words,
we need to show that for any §*

. (0%) < max Z(Pp(ep)

peP

sbt. > 67 =6" (23)
peP

Using LP duality, it is easy to show that in fact an

equality holds in (23). Indeed, the optimal solution

for vector 6" can be obtained as follows: ©,(07) =

min{0, minge 4¢p) 0% }. Thus, the maximization problem

in (23) can be written as

0 +01 =0 Va=(pq eA
maxz —lp —pp < 6P Vpe Pac Ap)
pEP —pp <0 VpelP

sb.t.

Constraints {02 + 04 = 0L —p, < 6P, —p, < 64} for
a = (p,q) € A can be replaced with a single constraint
— 1y — g < 0L since variables 67 and 64 are not involved
in any other constraints. Then we arrive at the linear
program (20) which equals ®,(8%).

Let us now prove part (b). Using a similar argumen-
tation, we conclude that it suffices to prove that

Op(07) < max D Bu(0Y)+ Y Da(07) (24)

acA (a,b)eN
subject to Z 0" + Z 6°* = 0"
acA (a,b)eN

where 0 = a is a local subproblem in which only the
element 02 is allowed to be non-zero and o = (a,b) is

a local subproblem in which only the elements 02°, 92°,
62 are allowed to be non-zero.

It can be shown that if we take ®.,(8%) to be a
lower bound mingcg,134 £ (z|0°") rather than the global
minimum mingey E(x | 8°°) then we get an equality
in (24). (An equivalent fact was proved in [21].) This
implies (24) since using the global minimum instead of
a lower bound can only increase the RHS.

For completeness, let us prove this equality. We have

D,(0%) = min{0,05}
0a(0%°) = minf0,05°,65°, 05" + 65 + 057}

»Ya o

Thus, the maximization in (24) can be written as

max Z—/\a—i— Z —Aab

acA (a,b)eN
i+ > 0 =0F Vae A
(a,b)eN

—Aa <05 Vae A
subject to { —Aa <0 Vae A

“Aab <O Ny, <O V(a,b) EN

—Aab < 02° 4 02° + 0F, Y (a,b) € N

Xy <0 Y (a,b) € N

We can eliminate ¢¢ from the first and the second
constraint and combine them into one constraint:

max Z—/\a—l- Z —Aab

a€A (a,b)EN
Dot D, <oy \CA
(a,b)EN
b' )\a Z O VGJ S A
su ]eCt to ng —+ >\ab Z O, egb + Aab Z 0 v(aﬂ b) eN
Aoy = 05" =07 <05 V(b eN
Aap > 0 V(a,b)EN

Let us use variables )\, instead of #2° such that #%° =
Aab — Aab, OF Ay = 090 + X\yp. It is straightforward to
see that then we arrive at the linear program (21) whose
optimal value equals ®(6").



